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Abstract
Generalized Frequency Division Multiplexing (GFDM) has been proposed recently as a candidate for the next generation wireless
communications systems (5G) due to its attractive properties that seem to cover the envisioned applications. In order to make
GFDM more robust to multipath fading eﬀects the techniques of space-time block codes (STBC) can be added to its implementa-
tion. In this article, we consider the performance of orthogonal space-time block coded (OSTBC) GFDM systems over Rayleigh
fading channel. In addition, to further enhance performance, Discrete Prolate Spheroidal Sequences (DPSSs or multi-tapers) can be
exploited to turn conventional GFDM to an improved orthogonal system. In this work we investigated a precoded OSTBC Multi-
taper GFDM system along with conventional GFDM. The symbol error rate (SER) performance for precoded OSTBC-(M)GFDM
systems over a Rayleigh fading channel is examined and a good match between simulation results and analytical expressions is
seen to exist.
c© 2016 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Organizing Committee of ICACC 2016.
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1. Introduction
With a wide range of envisioned applications like tactile internet, machine to machine (M2M) communication and
internet of things (IoT), there is a high demand for one or more new multi-carrier waveform designs in order to serve
the never ending wireless needs. Next generation wireless communication systems are not only expected to achieve
high data rates of Giga byte connectivity, they are also expected to perform well on high energy eﬃcient networks, be
reliable, exhibit low latency in applications, support high density users and use eﬃciently and with high capacity the
available spectrum.
OFDM is currently the most used multicarrier (MC) technique in many standards due to its robustness to multipath
fading eﬀects and simple implementation1. OFDM uses guard bands to overcome inter-carrier and inter-symbol
interference (ICI/ISI), which leads to spectrum under-utilization. This is not a desirable factor in the context of 5G
cellular communication systems. In addition, the high out-of-band (OOB) leakage in OFDM makes it challenging
and diﬃcult to meet future wireless needs.
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In order to mitigate the eﬀects of fading, spatial diversity is one of the eﬀective ways to improve performance of
wireless communication systems. This can be achieved by employing multiple antennas at either the transmitter side
(transmit diversity) and/or the receiver side (receive diversity). In practise, the latter is diﬃcult to implement and most
research and development in this area is carried out for the transmit diversity case.
Space-time block coding (STBC), proposed by Alamouti2 and referred to as an open-loop system, is one of the most
well-known transmit diversity schemes to achieve full diversity. The basic idea is simply the transmission of a signal
over two independently fading channels. Due to its practical importance, STBC is implemented in third generation
networks. In addition, a class of STBC known as Orthogonal space time coding (OSTBC) has been proposed by3.
This achieves full diversity and at the same time exhibits low decoding complexity at the receiver. In particular, 4,5
deal with OSTBC with partial channel knowledge and a limited feedback system. More recent advancements in
precoding techniques have led to precoded OSTBC, which aims to improve overall system performance and maintain
full diversity6,7.
GFDM, proposed as a contender for 5G, is a non-orthogonal block based MC transmission scheme in which each
subcarrier is ﬁltered with a circular pulse shaping ﬁlter with low OOB radiation. Recently8 proposed the use of discrete
prolate spheroidal (Slepian) sequences as a pulse shaping ﬁlter, thus improving the orthogonality of conventional
GFDM systems to mitigate self ICI. The performance of these schemes needs to be investigated in multi-input multi-
output (MIMO) systems. It is of great interest to exploit the advantages of precoded OSTBC in multicarrier schemes
to reduce the eﬀects of inter-antenna interference (IAI) in MIMO scenarios.9 investigated the application of Alamouti
space time coding to mitigate the eﬀects of a multipath environment in such systems. Unlike precoded OSTBC
in OFDM systems, the application of such technique is still unexplored in GFDM systems. The objective of this
paper is to study symbol error rate (SER) performance of precoded OSTBC under Rayleigh fading channel in both
conventional GFDM and Multi-taper GFDM (MGFDM).
The outline of the paper is as follows. In Section II, we give a brief introduction on GFDM, multi-taper imple-
mentation to GFDM and precoded OSTBC MGFDM with Alamouti space time coding. In Section III, we provide
the analytical performance expressions under the Rayleigh fading channel. Results and conclusions are explained in
Section IV. Finally, Section V concludes the paper.
2. System Model
2.1. GFDM Background
GFDM, introduced by10,11 is a non-orthogonal block based multicarrier technique. Each block consists of KM
complex valued data symbols dk(m) taken from the P-QAM constellation. Each dk(m) data symbol is distributed
across M subsymbols and K subcarriers in time and frequency and modulated by a circular prototype ﬁlter g(n), n =
0, 1, ...,KM − 1 that provides pulse shaping for each subcarrier according to,
gk,m(n) = g[(n − mK) mod KM]e j2π kK n (1)
where n = 0, 1, ...,KM − 1, gk(m) is the shifted version of the prototype ﬁlter g(n) in time (modulo operator) and
frequency (complex exponential). The superposition of all the operations leads to the GFDM signal x(n) given by,
x(n) =
K−1∑
k=0
M−1∑
m=0
dk(m)gk,m(n) n = 0, 1, ..,KM − 1 (2)
In matrix form this can be written as,
x = Ad (3)
where d, the data vector and A, the transmitter modulation matrix are given by11,
d = [d0(0), .., dK−1(0), .., d0(M − 1), .., dK−1(M − 1)]
These can also be represented in block structure form according to,
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Fig. 1. Details of MGFDM modulator.
D =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
d0(0) · · · d0(M − 1)
...
. . .
dK−1(0) · · · dK−1(M − 1)
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (4)
A = [G E1G · · ·EK−1G] (5)
where Ei = diag
{
[eiT , ..., eiT ]T
}
is a KM × KM diagonal matrix whose diagonal elements are comprised of M
concatenated copies of the vector ei = [1, e j
2πi
K , ..., e j
2πi
K (K−1)]T . Matrix G of size KM × M is constructed with circular
shift of [g0, ..., gKM−1]T each of length KM.
2.2. Multi-taper GFDM (MGFDM) Background
In the multi-taper implementation of GFDM introduced by8, the prototype ﬁlter is replaced by the M orthogonal
tapers according to,
gk,m(n) = gm(n)e
j2πkn
K
with gm(l) being the lth coeﬃcient of the mth taper. Asymptotic expressions for the computation of these slepian
discrete prolate spheroidal sequences (DPSSs) can be found in12,13,14. Some implementation aspects of DPSSs were
studied in a recent survey on ﬁlters by15. In this implementation, the matrix G of size KM×M in (5) is constructed by
replacing the columns of G by the ﬁrst M tapers from the DPSSs. Interestingly, GTG = I, due to taper orthogonality,
increases overall system performance in term of error rates compared to conventional GFDM system with the Root
Raised Cosine (RRC) ﬁlter. Fig. 1 provides the details of MGFDM modulator.
2.3. Precoded OSTBC MGFDM system with Alamouti space time coding
Consider a wireless communication system with Nt transmit antennas and Nr receive antennas whose channel
state information (CSI) is assumed to be available at the transmitter. Fig. 2 depicts the proposed block diagram of a
feedback precoded OSTBC MIMO-MGFDM system with the Alamouti space coding scheme. In this model, the data
vector d is passed through a space time encoding block to generate the data blocks D1, D2 given by (8) according to16.
A cyclic preﬁx (CP) is added to both the signals individually as shown in Fig. 2. Note that the length of CP must be
larger than the channel impulse response (CIR).
In a precoded OSTBC-MGFDM system, the signal vectors are multiplied by a precoded matrix W  CNt×Mc , which
is selected from the codebook F = {W1,W2, ...,WL}, where Mc, L corresponds to codeword length and codebook
size respectively. The objective is to choose an optimum codeword which improves the overall system performance in
terms of channel capacity or error performance.17 investigates the criterion for choosing the optimal precoding matrix
from the codebook. In brief, the problem for selecting the optimal codeword is directly related to the Grassmannian
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Fig. 2. Block diagram of feedback precoded OSTBC MIMO-MGDFM system with Alamouti space time coding.
subspace packing problem in the Grassmann manifold and proves full diversity order in the Rayleigh fading channel.
The optimal codeword can be chosen from the following equation,
Wopt = arg
WF
max ‖hW‖2F (6)
where h of size Nr × Nt represents the channel response from transmit antenna Nt to receive antenna Nr and Wopt
is the optimal code word chosen from the codebook F.
2.4. Receiver Model
The received signal after the removal of CP can be written as,
yr = h1rAd1 + h2rAd2 (7)
where htr = circ
{
htrw
}
is the circulant channel matrix and htrw is the multipath channel impulse response (CIR) from
transmit antenna t to receive antenna r given by (9) and htrw is zero padded to the length of the transmit signal.
dt = vec(Dt), where the columns of Dt are stacked on top of each other9.
D1 = D, D2 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−d∗0(1) d∗0(0)
...
...
−d∗K−1(1) d∗K−1(0)
∣∣∣∣∣∣∣∣∣∣
−d∗0(3) d∗0(2)
...
...
−d∗K−1(3) d∗K−1(2)
∣∣∣∣∣∣∣∣∣∣
· · ·
· · ·
· · ·
∣∣∣∣∣∣∣∣∣∣
−d∗0(M − 1) d∗0(M − 2)
...
...
−d∗K−1(M − 1) d∗K−1(M − 2)
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (8)
htrw = hWopt (9)
The signal on each receiver can be demodulated as,
dr = Byr (10)
The matrix B = A−1 is the zero forcing receiver matrix. The STC combining is carried according to the following
rule16:
dˆkm =
∑R
r=1(H
1r
k )
∗drk,m + H
2r
k (d
r
k,m+1)
∗
∑R
r=1
∣∣∣H1rk ∣∣∣2 + ∣∣∣H2rk ∣∣∣2 m even
dˆkm =
∑R
r=1(H
1r
k )
∗drk,m − H2rk (drk,m−1)∗∑R
r=1
∣∣∣H1rk ∣∣∣2 + ∣∣∣H2rk ∣∣∣2 m odd (11)
where Htrk denotes the kth point DFT of the CIR h
tr
w .
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Table 1. Simulation Parameters
Description GFDM GFDM-DPSS
Number of Subcarriers, K 64 64
Number of time slots, M 8 8
Pulse shape ﬁlter, g RRC DPSS
Roll-oﬀ factor, α {0.1} -
Length of CP, Ncp 10 10
Modulation order, μ 4 4
(Nt ,Nr) (2,1) (2,1)
3. Performance Analysis
In this section we provide the symbol error rate (SER) theoretical expressions for the precoded OSTBC GFDM
system under consideration by using the upper bound probability for the maximum ratio combiner1. Note that the
eﬀect of the noise enhancement factor (NEF) and the precoding matrix is taken into account and the approximate
expression is given by,
Pe = 4η
NtNr−1∑
i=0
(
NtNr − 1 + i
i
) (
1 + λ
2
)i
(12)
where
η =
⎛⎜⎜⎜⎜⎝
√
P − 1√
P
⎞⎟⎟⎟⎟⎠
(
1 − λ
2
)NtNr
λ =
√√√√ 3‖htr‖2F
2(P−1)
Es
N0RNtξ0
1 +
3‖htr‖2F
2(P−1)
Es
N0RNtξ0
ξ0,GFDM = ξ
KM + Ncp + Ncs
KM
R, the symbol rate of the OSTBC is given by R = QT where T time periods are used to transmit Q symbols. NEF ξ
under a GFDM system with zero forcing receiver is given by,
ξ =
KM−1∑
n=0
∣∣∣[B]k,n∣∣∣2 (13)
The values of ξ are equal for any index k. Under an MGFDM system, NEF is given by8
ξ = min
⎧⎪⎪⎨⎪⎪⎩
KM−1∑
n=0
∣∣∣[B]k,n∣∣∣2
⎫⎪⎪⎬⎪⎪⎭ = 1 (14)
4. Results and Discussions
In this section we present the simulation results to illustrate and verify the SER of STBC-MGFDM, precoded
OSTBC MGFDM and precoded OSTBC-GFDM under the Rayleigh fading channel. The simulation parameters under
consideration are mentioned in Table 1. Furthermore, the code book generation for a diﬀerent number of antennas are
mentioned in Table 2. Throughout the simulation we have considered 16-QAM, Nt = 2 and Nr = 1.
Fig. 3 illustrates the SER performance comparison for both STBC-MGFDM and precoded OSTBC MGFDM
systems. The solid or dashed lines correspond to the theoretical expressions (12) and (14) while the labels correspond
to simulations. It can be observed that there is an improvement in performance with precoded OSTBC (curves (i)−(ii)).
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Table 2. Codebook design parameters for OSTBC in IEEE 802.16e
Nt Codeword length, Mc Codebook size, L Rotation Vector , u
2 1 8 [1,0]
3 1 32 [1,26,28]
4 2 32 [1,26,28]
4 1 64 [1,8,61,45]
4 2 64 [1,7,52,56]
4 3 64 [1,8,61,45]
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Fig. 3. Comparison plot for precoded OSTBC MGFDM and STBC MGFDM systems with 16-QAM, Rayleigh fading channel.
For example at an SER of 10−4 there is an additional 2dB required for STBC-MGFDM compared to the precoded
OSTBC-MGFDM.
Fig. 4 demonstrates the SER performance for precoded OSTBC under both MGFDM and conventional GFDM with
roll-oﬀ factor α = 0.1 using 16-QAM over a ﬂat Rayleigh fading channel. With the use of prolate windows we can
compensate the orthogonality loss in conventional GFDM systems and as is evident from the ﬁgure, the same holds
with the application of precoded OSTBC. There is a good match between the derived analytical expressions and the
simulated results. An SER of 10−3 is achieved at an Es/N0 of approximately 12dB for the precoded OSTBC-MGFDM
system ((curve (i)) and 17dB in the case of the precoded OSTBC-GFDM system (curve ((ii)).
5. Conclusion
In this paper, we investigated the performance of conventional GFDM and MGFDM systems combining the Alam-
outi scheme and precoded OSTBC over a Rayleigh fading channel. More explicitly, we derived analytical SER
expressions of precoded OSTBC-MGFDM and conventional GFDM systems. The derived analytical results are then
validated through simulations. Our analysis proves that there is an improvement in SER performance when comparing
STBC-GFDM systems to conventional GFDM as well as a higher diversity advantage. In fact, with the further use of
multi-tapers as prototype ﬁlters we observe a still additional improvement in an OSTBC-GFDM system. To conclude,
the implementation of precoded OSTBC in GFDM systems is beneﬁcial and provides robustness to the overall system
performance. Further investigations can be carried out for a variety of other modulation schemes, multi-path and
fading conditions and that is the focus of our future work.
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